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ABSTRACT 
The development of G o r t l e r  vo r t i ce s  i n  boundary l a y e r s  over curved w a l l s  
i n  t h e  nonl inear  regime is invest igated.  The growth of t h e  boundary l a y e r  
makes a p a r a l l e l  flow a n a l y s i s  impossible except  i n  t h e  h igh  wavenumber regime 
so i n  gene ra l  t h e  i n s t a b i l i t y  equat ions must be i n t e g r a t e d  numerically.  Here 
t h e  spanwise dependence of t h e  b a s i c  flow i s  desc r ibed  us ing  a Four i e r  series 
expansion w h i l s t  t h e  normal and streamwise v a r i a t i o n s  are taken i n t o  account 
using f i n i t e  d i f f e r e n c e s .  The ca l cu la t ions  suggest  t h a t  a given d i s t u r b a n c e  
imposed a t  some p o s i t i o n  along the  wall w i l l  even tua l ly  reach a l o c a l  equi- 
l i b r i u m  s ta te  e s s e n t i a l l y  independent of the i n i t i a l  cond i t ions .  I n  f a c t ,  t h e  
equ i l ib r ium s t a t e  reached i s  q u a l i t a t i v e l y  s i m i l a r  t o  the  l a r g e  amplitude high 
wave-number s o l u t i o n  descr ibed asymptot ical ly  by Ha l l  (1982b). I n  g e n e r a l ,  i t  
is found t h a t  t h e  non l inea r  i n t e r a c t i o n s  are dominated by a 'mean f i e l d '  t ype  
of i n t e r a c t i o n  between t h e  mean flow and t h e  fundamental. Thus, even though 
h ighe r  harmonics of t he  fundamental are n e c e s s a r i l y  generated,  most of t he  
d i s t u r b a n c e  energy is confined t o  the mean flow c o r r e c t i o n  and t h e  funda- 
mental .  A major r e s u l t  of our ca l cu la t ions  is t h e  f i n d i n g  t h a t  t h e  downstream 
v e l o c i t y  f i e l d  develops a s t rong ly  i n f l e c t i o n a l  c h a r a c t e r  as t h e  flow moves 
downstream. The latter r e s u l t  suggests t h a t  t h e  major e f f e c t  of G o r t l e r  
v o r t i c e s  on boundary l a y e r s  of p r a c t i c a l  importance might be t o  make them 
h i g h l y  r ecep t ive  t o  r a p i d l y  growing Rayleigh modes of i n s t a b i l i t y .  
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O u r  c o n c e r n  i s  w i t h  t h e  e f f ec t  of n o n l i n e a r i t y  on  t h e  g r o w t h  of T a y l o r -  
G o r t l e r  v o r t i c e s  i n  d e v e l o p i n g  b o u n d a r y  l a y e r s .  The  p r e s e n c e  of s u c h  vor t ices  
i n  many f lows of p r a c t i c a l  i m p o r t a n c e  s u c h  a s  t h o s e  w h i c h  o c c u r  over t u r b i n e  
b l a d e s  o r  o v e r  l a m i n a r  f l o w  a e r z f o i l s  h a s  r e c e n t l y  s t i m u l a t e d  much r e s e a r c h  
aimed a t  u n d e r s t a n d i n g  t h e i r  s t r u c t u r e  i n  t h e  l i n e a r  r e g i m e .  However t h e  
n o n l i n e a r  p r o b l e m  h a s ,  a p a r t  from t h e  h i g h  wavenumber a n a l y s i s  of Hall (1982b1, 
r e c e i v e d  l i t t l e  a t t e n t i o n  b e c a u s e  of t h e  d i f f i c u l t y  i n  t a k i n g  care of non-  
p a r a l l e l  e f f e c t .  A t  h i g h  wavenumbers  H a l l  found  t h a t  n o n l i n e a r  e f fec ts  h a v e  
a s t a b i l i z i n g  e f f ec t  a n d  p r e v e n t  t h e  e x p o n e n t i a l  g r o w t h  of t h e  vor t ices  
p r e d i c t e d  by l i n e a r  t h e o r y .  
I n  p r e y i o u s  i n v e s t i g a t i o n s  Hall M982a, 19831, h e r e a f t e r  r e f e r r e d  t o  as 
I ,  I1 r e s p e c t i v e l y ,  l o o k e d  a t  t h e  l i n e a r  G o r t l e r  p r o b l e m  a n d  showed t h a t  
e x c e o t  a t  h i g h  wavenumbers  p a r a l l e l  f l o w  c a l c u l a t i o n s  f o r  t h e  G o r t l e r  p r o b l e m  
a r e  n o t  v a l i d  b e c a u s e  t h e  streamwise and  normal d e p e n d e n c e s  of t h e  v o r t i c e s  
c a n n c t  be s e p a r a t e d .  I n  f a c t , i n  t h e  o n l y  r eg ime  w h e r e  t h e  i n s t a b i l i t y  e q u a t i o n s  
c a n  be r e d u c e d  t o  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s ,  t h e  a s y m p t o t i c  t h e o r y  of I 
p r o v i d e s  t r i v i a l l y  a n e u t r a l  c u r v e  o r  g rowth  r a t e  a t  l e a s t  as accurate as t h a t  
p r o d u c e d  by t h e  p a r a l l e l  f l o w  t h e o r i e s .  Here by ' p a r a l l e l '  w e  s i m p l y  mean any  
t h e o r y  w h i c h  i g n o r e s  a n y  t e r m  i n  t h e  l i n e a r  i n s t a b i l i t y  e q u a t i o n s .  
t h e  p a r a l l e l  f low t h e o r i e s  c o r r e s p o n d  t o  t r u n c a t i o n s  of t h e  i n s t a b i l i t y  e q u a t i o n s  
of v a r y i n g  s e v e r i t y .  T h u s  f o r  e x a m p l e  Gort ler  t19401, [ l a t e r  c o r r e c t e d  
n u m e r i c a l l y  by Harnmerlin (195611. r e t a i n e d  o n l y  t h e  t e r m s  w h i c h  would b e  
p r e s e n t  i n  t h e  c o r r e s p o n d i n g  T a y l o r - C o u e t t e  f l ow c a l c u l a t i o n  w h i l s t  S m i t h  (19551 
r e t a i n e d  many t e r m s  a s s o c i a t e d  w i t h  t h e  g rowth  of t h e  b o u n d a r y  l a y e r .  O t h e r  
t r u n c a t i o n s  of t h e  i n s t a b i l i t y  e q u a t i o n s  have b e e n  g i v e n  b y ,  f o r  e x a n p l e ,  
F l o r y a n  and  S a r i c  119781 a n d  H e r b e r t  [19761. 
O f  c o u r s e  
A t  ~ ( 1 ;  ,,,drZG-7,p~rs th6 v a r i o u s  Dara ! ; e l  qlow t h e o r i e s  ;:ve O J ~ ~ E  e i ; = s r ~ n t  
most  E X  t r e m e  
r e s u l t s  and  i n  t h e /  cases p r e d i c t  i n s t a b i l i t y  a t  z e r o  G o r t l e r  number  o r  z e r o  
wavenumber.  I n  I1 i t  was a r g u e d  t h a t  a t  0[1) wavenumbers t h e s e  c a l c u l a t i o n s  
are  n e c e s s a r i l y  i n c o r r e c t  b e c a u s e  t h e i r  n e g l e c t  of  streamwise d e r i v a t i v e s  o f  
t h e  d i s t u r b a n c e  v e l o c i t y  f i e l d  g i v e s  t h e  wrong s t r u c t u r e  f o r  t h e  d i s t u r b a n c e  
a t  t h e  e d g e  of t h e  b o u n d a r y  l a y e r .  If t h e s e  terms a r e  r e t a i n e d  i t  was shown 
t h a t  t h e  v o r t i c e s  d e c a y  t o  zero a t  t h e  e d g e  of t h e  b o u n d a r y  l a y e r  a t  a r a t e  
i n d e p e n d e n t  of t h e  v o r t e x  wavenumber.  I n  f ac t  t h e  l i n e a r  i n s t a b i l i t y  e q u a t i o n s  
are  p a r a b o l i c  i n  t h e  streamwise d i r e c t i o r !  and c a n  t h e r e f o r e  be s o l v e d  n u m e r i c a l l y  
by m a r c h i n g  downs t r eam from some i n i t i a l  l o c a t i o n .  A ' l oca l '  n e u t r a l  p o s i t i o n  
c a n  t h e n  b e  d e f i n e d  t o  b e  t h e  p o i n t  w h e r e  some d i s t u r b a n c e  f low q u a n t i t y  h a s  a 
z e r o  ra te  of c b n g e  a l o n g  t h e  ~ 1 1 .  T h i s  p o s i t i o n  d e p e n d s  on  t h e  l o c a t i o n  a n d  
f o r m  f o r  t h e  i n i t i a l  d i s t u r b a n c e  s o  t h a t  t h e  n o t i o n  of  a u n i q u e  n e u t r a l  c u r v e  i s  
n o t  t e M b l e  f o r  t h e  G o r t l e r  p r o b l e m .  However,  a t  h i g h  m v e n u m b e r s  t h e  n u m e r i c a l  
c a l c u l a t i o n s  of  I1 c o n v e r g e d  t o  t h e  u n i q u e  a s y m p t o t i c  r e s u l t  of I .  
Here w e  s h a l l  e x t e n d  t h e  p a r a l l e l  f l o w  c a l c u l a t i o n s  of I t o  t h e  n o n l i n m r  
r e g i m e  a p p r o p r i a t e  t o  d i s t u r b a n c e s  w i t h  wavenumber of O(1 1 .  
numbers  t h e  a s y m p t o t i c  h i g h  wavenumber t h e o r y  o f  Hal l  [ 1 9 8 2 b 1 ,  h e r e a f t e r  
r e f e r r e d  t o  3 s  111, showed t h a t  i n  t h i s  r e g i m e  t h e  n o n l i n e a r  p r o b l e m  i s  
d o m i n a t e d  by a 'mean f i e l d '  t y p e  of i n t e r a c t i o n  r a t h e r  t h a n  o n e  t y p i c a l  o f  a 
S t u a r t - W a t s o n  a p p r o a c h .  I t  was shown i n  I11 t h a t  t h e  mean f low c o r r e c t i o n  
d r i v e n  by a f i n i t e  a m p l i t u d e  v o r t e x  u l t i m a t e l y  becomes larger  t h a n  t h e  v o r t i c e s  
d r i v i n g  i t .  A t  s u f f i c i e n t l y  large a m p l i t u d e  t h e  mean f l o w  c o r r e c t i o n  d e s c r i b e d  
i n  I11 would c a u s e  t h e  b a s i c  s tate t o  d e v e l o p  a n  i n f l e c t i o n  p o i n t  a n d  t he re fo re  
p o s s i b l y  nuke iiie b o u n d a r y  i a y e r  s u s c e p t i b l e  t o  r a p i d l y  g r o w i n g  R a y l e i g h  
i n s t a b i l i t i e s .  A p r i m a r y  aim o f  t h e  c a l c u l a t i o n  i s  t o  c o n f i r m  t h e  l a t t e r  r e s u l t  
a t  l a r g e  wavenumbers a n d  i n v e s t i g a t e  t h e  s i t l a t i o n  a t  0 [ 1 )  m v e n u m b e r s .  O u r  
c a l c u l a t i o n s  w i l l  a Is0 e n a b l e  l i n m r  i n s t a b i l i t y  c a l c u l a t i o n s  o f  f i n i t e  
a m p l i t u d e  Gortler v o r t i c e s  t o  b e  u l t i m a t e l y  c a r r i e d  o u t  a l o n g  t h e  l i n e s  o f  t h e  
r e c e n t  c a l c u l a t i o n  of  B e n n e t t  a n d  Hal l  ( 1 9 8 6 1 .  The l a t t e r  a u t h o r s  were c o n c e r n e d  
A t  h i g h e r  wave- 
c y l i n o e r s  and  showed t n a t  even small a m l i t u d e  v c r t i c e s  z a u s e  a m a s s i v e  
d e s t a b i l i z a t i o n  of t h e  u n d i s t u r b e d  f l o w  t o  T o l l m i e n - S c h l i c h t i n g  w a v e s .  
S i n c e  t h e r e  i s  n o  r a t i o n a l  m y  t o  r e d u c e  t h e  n o n l i n e a r  n o n p a r a l l e l  
G o r t l e r  p r o b l e m  t o  a ser ies  of o r d i m r y  d i f f e r e n t i a l  e q u a t i o n s  u s i n g  t h e  
S t u a r t - W a t s o n  method w e  s o l v e  t h e  e q u a t i o n s  g o v e r n i n g  f i n i t e  a m p l i t u d e  
v o r t i c e s  u s i n g  a numer i ca  1 method  based on t h e  f i n i t e  d i f f e r e n c e  f o r m u l a t i o n  
o f  I1 t o g e t h e r  w i t h  a F o u r i e r  e x p a n s i o n  t o  t a k e  care  of t h e  s p a n w i s e  d e p e n d e n c e  
of t h e  f l o w .  The vo r t i ce s  a r e  a s s u m e d  t o  be  s t e a d y  s o  t h a t  t h e  e q l e t i o n s  
g o v e r n i n g  t h e i r  d e v e l o p m e n t  c a n  b e  marched d o w n s t r e a m  from t h e  i n i t i a l  
l o r a t i o n  w h e r e  t h e  d i s t u r t e n c e  i s  i m p o s e d .  T h i s  i s  d o n e  u s i n g  t h e  i m p l i c i t  
s cheme  of I1 t o g e t h e r  w i t h  a n  i t e r a t i o n  p r m e d u r e  t o  t a k e  c a r e  of t h e  non-  
l i n e a r  term's which a r e  now p r e s e n t  i n  t h e  c a l c u i a t i o n .  A t  e a c h  d o w n s t r e a m  
l o c a t i o n  t h e  e n e r g y  i n  e a c h  F o u r i e r  mode can  be c a l c u l a t e d  i n  o r d e r  t o  m o n i t o r  
t h e  d e v e l o p m e n t  of t h e  i n s t a b i l i t y .  We s h a l l  see t h a t  n o n l i n e a r  e f fec ts  
p r e v e n t  t h e  e x p o n e n t i a l  g r o w t h  of t h e  d i s t u r b a n c e s  p r e d i c t e d  by l i n e a r  
t h e o r y  s o  t h a t ,  a t  l e s t  i n  t h e  l imi t ed  number o f  cases w e  have i n v e s t i g a t e d ,  
n o n l i n - r  e f f e c t s  a re  s t a b i l i z i n g .  We s h a l l  a l s o  see t h a t  a n y  g i v e n  v o r t e x  
w i l l  s u f f i c i e n t l y  f a r  d o w n s t r e a m  d e v e l o p  a s t r u c t u r e  c o n s i s t e n t  w i t h  t h e  
n o n l i n e a r  t h e o r y  of 111. T h e  l a t t e r  r e s u l t  i s  n o t  s u r p r i s i n g  s i n c e  t h e  
e f f e c t i v e  v o r t e x  wavenumber i n c r e a s e s  i n  t h e  streamwise d i r E  t i o n  u n t i l  t h e  
a s y m p t o t i c  t h e o r y  of I11 a p p l i e s .  
Apar t  from t h e  a r b i t r a r i n e s s  assoc ia ted  w i t h  t h e  l i n e a r  p r o b l e m  d e s c r i b e d  
i n  I1 t h e  n o n l i n e a r  p r o b l e m  i n t r o d u c e s  f u r t h e r  comD;im t i o n .  b e o  u s e  of t h e  
f u r t h e r  freedom we now h a v e  when i m p o s i n g  t h e  i n i t i a l  d i s t u r b a n c e .  Our 
c a l c u l a t i o n s  are,  of c o u r s e ,  restricted tQ a f i n i t e  number o f  s i t u a t i o n s  b u t  
n e v e r t h e l e s s  t h e  s i m i l a r i t y  b e t w e e n  t h e  r e s u l t s  e n a b l e s  u s  t o  make some 
t e n t a t i v e  c o n c l u s i o n s  a b o u t  t h e  r o l e  OF m n l i n f f l r  e f fec ts  i n  t h e  Gort ler  
p r o b l e m .  The p r o c e d u r e  a d o p t e d  i n  t h e  rest  of t h e  p a p e r  i s  as f o l l o w s :  i n  
S e c t i o n  2 w e  f o r m u l a t e  t h e  n o n l i n e a r  i n s t a b i l i t y  e q u a t i o n s  a n d  d e s c r i b e  a 
-4 - 
n u m e r i c a l  s:nernE k h i c h  can be u s e d  t o  i n t e g r a t e  t h e m .  I n  s e c t i o n  3 w e  cescr ibs  
t h e  r e s u l t s  we h a v e  o b t a i n e d  and  use them t o  d r a w  some c o n c l u s i o n s  a b o u t  non-  
l i n e a r  G o r t l e r  v o r t i c e s .  
2 .  FORMULATION OF THE INSTABILITY E Q U A T I O N S  A N 0  T H E I R  S O L U T I O N .  
C o n s i d e r  t h e  f i o w  of a v i s c o u s  f l u i d  o f  k i n e m a t i c  v i s c o s i t y  v o v e r  a wa l l  
of c u r v a t u r e  a - l K [ x / l l ) .  Here 11 and  a a re  t y p i c a l  l e n g t h  scales a s s o c i a t e d  
w i t h  t h e  downs t r eam d e v e l o p m e n t  of t h e  f l o w  a n d  t h e  l o c a l  r a d i u s  of c u r v a t u r e  of 
t h e  wal l .  We t a k e  
Re by 
Uo t o  be a t y p i c a l  f l o w  s p e e d  a n d  d e f i n e  a R e y n o l d s  number 
uO Re = - 
v *  
a n d  c o n s i d e r  t h e  l i m i t  o f  Re -* 00 w i t h  t h e  Gor t l e r  number G ,  d e f i n e d  by 
(2.11 
h e l d  f i x e d .  Let u s  t a k e  [ X , Y , Z )  t o  be d i m e n s i o n l e s s  v a r i a b l e s  i n  t h e  
s t rearwise,  normal and  s p a n w i s e  d i r e c t i o n s  s c a l e d  on  
r e s p e c t i v e l y .  The v e l o c i t y  f i e l d  i s  t a k e n  t o  be of t h e  form 
1 f e, Rei l l ,  Re L 
W h e r E  [ i [ X , Y ) ,  ; (X ,Y) )  c c r r s s p o n d s  t o  a E l a s i u s  b o u n d a r y  l a y e r  a i d  
[U,V,W 1 a n d  t h e  c o r r e s p o n d i n g  p r e s s u r e  p e r t u r b a t i o n  P a r e  f u n c t i o n s  of 
X , Y , Z .  F o l l o w i n g  t h e  p r o c e d u r e  o u t l i n e d  i n  111 i t  i s  a n  e a s y  matter t o  
show from the N a v i e r - S t o k e s  s q u e t i o n s  t h a t ,  correct  t o  o r d e r  
U,V.W.P s a t i s f y  
1 
R e - ’ ,  
-5- 
- .  
wx + vy  + w z  = 0 ,  
uyy + uzz - v;, = ; ux .+  u;, + v;, + Guy + Q, , 
+ V z z  - G K ~  - P y  = ;V, + U;, + ;Vy + V;, + 4, , 
YY 
w y y  + wzz  - Pz = i w ,  + vw, + Q, , 
w h e r e  9,. 9,. 0, are  d e f i n e d  by 
Q, = UUx + VUy + WUz , 
Q, = UVx + VVy  + wvz + ; G K U ~  , 
Q, = UWx + VWy + WWz . 
2 . 4 a ,  b ,  c 1 
If t h e  n o n l i n e a r  f u n c t i o n s  Q,, Q,, Q, a r e  set  equal t o  zero i n  t h e  
a b o v e  e q u a t i o n s  w e  r e c o v e r  t h e  e q u a t i o n s  o f  11. 
I11 g i v e s  a n  a s y m p t o t i c  s o l u t i o n  of (2 .41  v a l i d  i n  t h e  l i m i t  of - >> 1 . 
T h i s  l i m i t  i s  more r e l e v a n t  t h a n  it m i g h t  a p p e a r  t o  b e  a t  first s i g h t  s i n c e  
i t  c o r r e s p o n d s  t o  t h e  l a r g e  X s t a t e  of a n y  i n i t i a l  d i s t u r b a n c e  i m p o s e d  on 
t h e  flow. 
q u a l i t a t i v e l y  t h e  results o f  I11 s u f f i c i e n t l y  f a r  d o w n s t r e a m  from w h e r e  
t h e  c r i t i ca l  d i s t u r b a n c e  i s  i n t r o d u c e d .  
The  n o n l i n e a r  t h e o r y  of 
a 
az 
Thus i n  our  n u m e r i c a l  c a l c u l a t i o n s  w e  e x p e c t  t o  recover 
I n  order t o  r e d u c e  ( 2 . 4 )  t o  a form more s u i t a b l e  f o r  c o m p u t a t i o n a l  
p u r p o s e s  w e  c a n  e l i m i n a t e  P a n d  W from t h e  l i n e a r  terms i n  ( 2 . 4 c , d l  
t o  g i v e  
- a  - a2 - 32 
ay2 azL 
+ tuyy  - u - - u -+VX + 2 t c x y  + ux -1  ux 
- - a2 
+ tG - v -}vy xy 
a z 2  
a2 
YYYY - VVYYY - I;, - 2 2 vYY + v  
= Q, + Q 2 z z  - 4 3 Y Z  
where Q,, Q, and 4, a r e  g i v e n  by [2.5a,b,c) r e s p e c t i v e l y .  
Suppose t h a t  U, V and W a r e  then expanded i n  t h e  f o r m  
W 
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w = 1 w ~ [ x , Y )  s i n  naz 
n= 7 
where we have a n t i c i p a t e d  t h e  well-known r e s u l t  t h a t  t h e  n o n l i n e a r  
i n t e r a c t i o n s  which occur  i n  t h e  T a y l o r - G o r t l e r  problem do n o t  generate 
a mean f l o w  i n  t h e  spanwise d i r e c t i o n .  We then s u b s t i t u t e  f o r  [U,V,W) 
f r o m  (2.71 i n t o  (2.4a) and [2.6) and equate l i k e  F o u r i e r  c o e f f i c i e n t s .  
Th is  procedure shows t h a t  t h e  mean f l o w  c o r r e c t i o n  s a t i s f i e s  
- - - - 
FOYV - vouy - uuox - uoux - vuoy = UoUox + VoUoy + Fo 
w 
where Fo  = +; 1 (VmUmy - UmVmy - 2maUmWml , 
m= 1 
and Vo is determined by 
au, avo 
ax a~ - + -  = o .  
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F o r  corno&3t ional  purposes we must o f  c o u x e  t r u n c a t e  t h e  i n f i n i t e  s u m s  i n  
(2 .7 )  a t  some s u i t a b l y  l a r g e  va lue  f o r  t h e  upper l i m i t .  We t h e r e f o r e  
r e p l a c e  t h e  upper l i m i t  i n  (2.7) by N , 
S i m i l a r l y  we f i n d  t h a t  Un s a t i s f i e s  
- a2Un - aunx - unfix - v B - bllny 'nyy n Y  
N- 1 
n-m "m - ma 'n-mWm = Fn = 1 'n-m 'my - Un-rn 'my + maw m= 1 




n+m 'rn 'n+m 'my - 'n+m "my - ma UmWn+m - ma U 
+ 
N 
+ 1 'm-n 'my - 'm-n 'my m- n Urn - ma U m-n 'rn - ma W m = n + l  
(2.101 
An e q u a t i o n  o f  t h e  same form can be der ived  from [2.61 by equat ing  
t o  zero t h e  c o e f f i c i e n t  o f  cos naz , Suppose t h a t  U,,, VG, Un, Vn, Wn, 
f o r  n = 1,2,3 ..... a r e  known a t  X , we now d e s c r i b e  how (2.81 and [2.101 
can be stepped forward t o  X + E. . The scheme used i s  e s s e n t i a l l y  t h a t  
descr ibed i n  I1 t o g e t h e r  w i t h  an i t e r a t i o n  procedure t o  t a k e  c a r e  o f  t h e  
n o n l i n e a r  t e r m s  nod present ,  Thus f o r  example t h e  mean f l o w  equat ion  (2.81 
i s  d i s c r e t i z e d  u s i n g  f i n i t e  d i f ferences i n  t h e  X and Y d i r e c t i o n s  t o  g i v e  
-8- 
(2.111 
Here ind ices  n, m r e f e r  t o  t h e  g r i d  p o i n t  X = X, + m , Y = nh , 
The non l inear  terms on t h e  r i g h t  hand s i d e  of (2.11) a r e  i n i t i a l l y  eva lua ted  
w i t h  k = m - I  and t h e  r e s u l t i n g  t r i d i a g o n a l  system can be s o l v e d  t o  g i v e  Uo 
a t  
s i m i l a r  manner t o  g i v e  
t h e  V equat ion can be s tepped f o r w a r d  by s o l v i n g  a pentad iagona l  system. A t  
t h i s  stage t h e  n o n l i n e a r  terms can be expressed i n  terms o f  t h e  v e l o c i t y  f i e l d  
X = Xg + [ m  + 1 1 ~ :  . The e q u a t i o n  [2 .10 )  can be stepped f o r w a r d  i n  a 
Um, m = 1, .. , N a t  X = Xo + (m + 1 ) ~  . L i k e w i s e  
now c a l c u l a t e d  a t  X = X + [ m  + IIE . The equat ion can then be s o l v e d  a g a i n  
f o r  t h e  f low q u a n t i t i e s  a t  X = X + (rn + 1 ) ~  and t h e  i t e r a t i o n  procedure 
cont inued u n t i l  the  change i n  Urn+’ , uy+l e tc  i s  s u f f i c i e n t l y  s m a l l .  Thus 
[ 2.11 1 and t h e  corresponding equat ions f o r  





a r e  e f f e c t i v e l y  s o l v e d  w i t h  
3. RESULTS AND DISCUSSION 
We s h a l l  f i r s t l y  d e s c r i b e  some r e s u l t s  ob ta ined i n  o r d e r  t o  v e r i f y  t h e  
numer ica l  scheme used. These c a l c u l a t i o n s  were c a r r i e d  o u t  a t  v a r i o u s  va lues 
o f  t h e  parameters o f  the. .problem b u t  here  we s h a l l  concent ra te  on t h e  case 
X 
20 - a = .2, G = .0288,  K ( X I  = - (3.11 
T h i s  choice f o r  the c u r v a t u r e  f u n c t i o n  K means t h a t  t h e  e f f e c t i v e  l o c a l  
G o r t l e r  number v a r i e s  l i k e  
The asymptot ic theory o f  I showed t h a t  t.-e n e u t r a l  c u r v e  which can be u n i q u e i y  
X5”wh i ls t  t n e  l o c a l  \Gavenumber v a r i e s  l i k e  X’ . 
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d e f i n e d  a t  h i g h  wavenumbers  h a s  t h e  Gor t le r  numDer p r o p o r t i o n a l  t o  t h e  f o u r t h  
power o f  t h e  wavenumber a n d  t h e r e f o r e  (3.11 c o r r e s p o n d s  t o  a d i s t u r b a n c e  w h i c h  
r e m a i n s  i n  t h e  u n s t a b l e  r e g i o n  when X i n c r e a s e s .  
The basic s t a t e  was d i s t u r b e d . a t  X = 55. by i m p o s i n g  t h e  c o n d i t i o n  
(3.21 
a n d  i n t e g r a t i n g  t h e  l i n e a r i z e d  e q u a t i o n s  t o  X = 100. A t  t h i s  s t a g e  t h e  
d i s t u r b a n c e  is almost l o c a l l y  n e u t r a l  s t ab le  a c c o r d i n g  t o  t h e  c r i t e r i o n  o f  
I1 a n d  t h e  l i n e a r  v e l o c i t y  f i e l d  was g i v e n  a n  a m p l i t u d e  A e q u a l  t o  t h e  
maximum X - d i s t u r b a n c e  v e l o c i t y  component .  T h e  n o n l i n e a r  e q u a t i o n s  were t h e n  
i n t e g r a t e d  Tor X > 100 a n d  t h e  l o c a l  growth ra tes  a n d  e n e r g i e s  of t h e  
d i f f e r e n t  h a r m o n i c s  were c a l c u l a t e d .  We d e f i n e d  t h e  e n e r g y  o f  t h e  n t h  h a r m o n i c  
t o  be 
a n d  t h e  e n e r g y  of t h e  mean f low d i s t o r t i o n  was d e f i n e d  by 
1 
Eo = i, { Uoz [ X, Y 1 )dY . 
Here we h a v e  o m i t t e d  t h e  c o n t r i b u t i o n  from Vo s i n c e  Vo -+ c o n s t a n t  
when Y + . T h e  g r o w t h  r a t e  8 [ X I  o f  the n t h  mode was d e f i n e d  by n 
dE n - 1  
e n [ x i  = - 
dX En 
so t h a t  f o r  a p a r a l l e l  b o u n d a r y  l a y e r  i n  t h e  l i n e a r  r e g i m e  
b e  twice t h e  l i n e a r  s p a t i a l  a m p l i f i c a t i o n  rate. 




i4urrf. know f rom t h e  n o n p a r a l l e l  c a l c u l a t i o n s  of I t h a t  e,(xI i n i t i a l l y  
d e p e n d s  s e n s i t i v e l y  o n  t h e  f o r m  a n d  l o c a t i o n  of  t h e  i n i t i a l  d i s t u r b a n c e ,  
Here t h e  s i t u a t i o n  i s  more c o m p l e x  b e c a u s e  we c a n  s p e c i f y  e a c h  F o u r i e r  mode 
a n d  t h e  mean flow d i s t r i b u t i o n .  I n  F i g u r e  1 w e  h a v e  shown t h e  d e p e n d e n c e  
of B1, c 2 1 o n  X f o r  f i v e  d i f f e r e n t  v a l u e s  o f  A t h e  d i s t u r b a n c e  f low 
a m p l i t u d e .  A p a r t  f r o m  t h e  f u n d a m e n t a l  a l l  t h e  F o u r i e r  c o m p o n e n t s  of t h e  
d i s t u r b a n c e  were se t  e q u a l  t o  zero a t  t h e  i n i t i a l  l o c a t i o n .  The c a l c u l a t i o n s  
shown w e r e  c a r r i e d  o u t  w i t h  N = 4 ,  E = .025, ym = 150. S i m i l a r  c a l c u l a t i o n s  
were c a r r i e d  o u t  by c h a n g i n g  N t o  8, E t o  .05 a n d  ym t o  100 i n  t u r n .  T h e  
r e s u l t s  a g r e e d  w i t h  t h o s e  of F i g u r e  1 t o  t h e  g r a p h i c a l  a c c u r a c y  of t h a t  F i g u r e .  
We see i n  F i g u r e  1 t h a t  f o r  a 0.5% d i s t u r b a n c e  t h e  g r o w t h  r a t e  o v e r  t h e  
i n t e r v a l  shown i s  i n d i s t i n g u i s h a b l e  f r o m  l i n e a r  t h e o r y .  A t  h i g h e r  v a l u e s  of A 
t h e  g r o w t h  r a t e  i s  i n i t i a l l y  i n c r e a s e d  a b o v e  t h e  l i n e a r  v a l u e  and  t h e n  f a l l s  
be low i t  when X i n c r e a s e s .  The amoun t  by w h i c h  t h e  g r o w t h  r a t e  i s  d e c r e a s e d  
from t h e  l i n e a r  v a l u e  i n c r e a s e s  w i t h  A a n d  w e  c o n c l u d e  t h a t  i n  t h i s  s i t u a t i o n  
n o n l i n e a r  e f f e c t s  are s t a b i l i z i n g .  We a t t r i b u t e  t h e  i n i t i a l  i n c r e a s e  i n  t h e  
g r o w t h  r a t e  t o  t h e  r e l a t i v e l y  q u i c k  c h a n g e  i n  f low s t r u c t u r e  w h i c h  m u s t  n e c e s s a r i l y  
o c c u r  when n o n l i n e a r  effects  a re  o p e r a t i o n a l .  
I n  F i g u r e  2 w e  h a v e  shown t h e  c o r r e s p o n d i n g  g r o w t h  ra tes  f o r  t h e  f i r s t  
h a r m o n i c ,  a g a i n  w e  see t h a t  a f t e r  t h e  i n i t i a l  p e r i o d  o f  g r o w t h  t h e  d i s t u r b a n c e  
g r o w t h  decreases w i t h  . We n o t e  t h a t  t h e  g r o w t h  rates of F i g u r e s  1. 2 a r e  
c o m p a r a b l e  even  t h o u g h  t h e  f i r s t  h a r m o n i c  i s  l o c a l l y  n e u t r a l l y  s t a b l e  a t  a 
h i g h e r  Gortler Number t h a n  i s  t h e  f u n d a m e n t a l ,  T h i s  g r w t h  =C ths first 
h a r m o n i c  i s  of c o u r s e  d r i v e n  by n o n l i n e a r  e f fec ts .  Though t h e  c a l c u l a t i o n s  
r e p r e s e n t e d  i n  F i g u r e  2 c l e a r l y  i n d i c a t e  t h e  s t a b i l i z i n g  e f f ec t  of  n o n l i n e a r i t y  
t h e y  d o  n o t  i n d i c a t e  t h e  e m e r g e n c e  of a n y  l o c a l  e q u i l i b r i u m  s t a t e  as  t h e  
v o r t i c e s  d e v e l o p  downstream. 
ORlGlPIAL PAGE t~ 
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F,r tcs r  s?::ld:a:io.s  re c s r r i G d  ~ , t  f o r  t h e  Same i n i t i a l  z c r b 2 i z i s n  
(3.21 b u t  w i t h  d i f f e r e n t  c u r v a t u r e  d i s t r i b u t i o n s  K ( X )  . Tne  t h r e e  
c u r v a t u r e  d i s t r i b u t i o n s  w h i c h  w e  e x a m i n e d  i n  d e t a i l  a n d  t h e  v a l u e s  o f  a 
a n d  G u s e d  i n  t h e  c a l c u l a t i o n s  w e r e  : 
La) K [ X I  = , a = .16, G = .I , 
1 + [ .02X - 2.41 
JX ( b )  K(XI = - lo , a = .2 ,  G = .23 , 
JX  X a n d  I C ]  K I X )  = - (1 + . 2  s i n  - 1 ,  a = .2 , G = ?O 40 .23 . 
The f irst  c u r v a t u r e  d i s t r i b u t i o n  was  chosen  b e c a u s e  i t  c o r r e s p o n d s  t o  a f low 
o v e r  a humR s u c h  t h a t  t h e  f l o w  i s  o n l y  u n s t a b l e  ove r  a f i n i t e  i n t e r v a l .  The 
s e c o n d  d i s t r i b u t i o n  was c h o s e n  s i n c e ,  as i n  t h e  a s y m p t o t i c  t h e o r y  of  I ,  i t  
g i v e s  a l o c a l  G o r t l e r  n u m b e r  p r o p o r t i o n a l  t o  t h e  f o u r t n  p o w e r  o f  t h e  l o c a l  
wavenumber.  A t  r e l a t i v e l y  l a rge  v a l u e s  o f  X t h e  l o c a l  g r o w t h  r a t e  c h a n g e s  
l i t t l e  w i t h  X a n d  i n  t h e  n o n l i n e a r  regime we m i g h t  e x o e c t  t o  r e c o v e r  t h e  
r e s u l t s  o f  111. The  case [ c l  was c h o s e n  i n  o rder  t o  o b t a i n  i n f o r m a t i o n  a b o u t  
t h e  p o s s i b l e  i n f l u e n c e  of  a small a m p l i t u d e  w a l l  w a v i n e s s  o n  n o n l i n e a r  G o r t l e r  
v o r t i c e s .  The l i n e a r  g r o w t h  r a t e  c u r v e s  c o r r e s p o n d i n g  t o  ( a ] ,  [ b l  a n d  ( c )  a n d  
t h e  i n i t i a l  c o n d i t i o n s  (3.11 are shown i n  F i g u r e  4. I t  i s  i n t e r e s t i n g  t o  see 
t h a t  t h e  small a m p l i t u d e  w a v i n e s s  c a u s e s  a s i g n i f i c a n t  d i f f e r e n c e  b e t w e e n  ( b l  
a n d  ( c l .  We n o t e  t h a t ,  w h e r e a s  [ a )  i s  s t a b l e  b e y o n d  X - 140, [ b )  a n d  [ c )  
r e m a i n  u n s t a b l e  up  t o  X - 200 beyond  which t h e  g m w t h  ra tes  i n c r e a s e  
slowly. 
I n  F i g u r e  3a w e  h a v e  shown t h e  e n e r g y  f u n c t i o n s  Eo a n d  El c o r r e s p o n d i n g  
t o  A = .I, .2 t o g e t h e r  w i t h  a = .16, G = .0288, a n d  K [ X )  = - We see 
t h a t  t h e  d i f f e r e n c e s  b e t w e e n  t h e  v a l u e s  o f  
decreases w i t h  X . T h i s  is  p r e s u m a b l y  b e c a u s e  when X i s  l a r g e  t h e  e f f e c t i v e  
20 ' 
Eo, E l  f o r  A = .I a n d  A = .2 
. ' r  . a 
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k a v e r l m t e r  is aisc l a r g e  and t h e  a n a l y s i s  s f  111 suggests  t h a t  i n  t h i s  r e g i m e  
there  exists a u n i q u e  f i n i t e  a m p l i t u d e  s o l u t i o n  i n d e p e n d e n t  o f  i t s  i n i t i a l  
u p s t r e a m  f o r m .  
t h e  c a l c u l a t i o n s  r e p o r t e d  h e r e  s i n c e  t h e y  are r e s t r i c t e d  t o  a n  a s y m p t o t i c a l l y  
However t h e  c a l c u l a t i o n  o f  I11 c a n n o t  be a p p l i e d  d i r e c t l y  t o  
small i n t e r v a l  n e a r  t o  t h e  n e u t r a l  l o c a t i o n .  N e v e r t h e l e s s  t h e  s h o r t  wave- 
l e n g t h  n o n l i n e a r  t h e o r y  o f  I11 d o e s  s u g g e s t  t h a t  i n  t h i s  r e g i m e  t h e  o r i g i n  
of t h e  d i s t u r b a n c e  i s  u n i m p o r t a n t .  
T I n  F i g u r e s  3b.c we h a v e  shown t h e  t o t a l  d o w n s t r e a m  v e l o c i t y  componen t  u 
a t  t h e  s p a n w i s e  l o c a t i o n s  az = n/2, n, 2n t o g e t h e r  w i t h  t h e  B l a s i u s  p r o f i l e  
w h i c h  e x i s t s  i n  t h e  a b s e n c e  of t h e  vort ices .  The  p r o f i l e s  shown c o r r e s p o n d  t o  
X = 300 and w e  see t h a t  a t  t h i s  l o c a t i o n  t h e r e  i s  v e r y  l i t t l e  d i f f e r e n c e  b e t w e e n  
t h e  p r o f i l e s  o r i g i n a t i n g  f rom A = .I a n d  A = .2 . We f u r t h e r  n o t e  t h a t  t h e  
v a l u e s  of , u  c o r r e s p o n d i n g  t o  az = n/2 are  i d e n t i c a l  t o  t h o s e  w i t h  az = 3n/2 . 
O f  p a r t i c u l a r  i n t e r e s t  i s  t h e  f ac t  t h a t  t h e  a z  = n p r o f i l e  h a s  a s t r o n g l y  
i n f l e c t i o n a l  p r o f i l e  w h i c h  i s  p r o b a b l y  l o c a l l y  u n s t a b l e  t o  h i g h l y  a m p l i f i e d  
R a y l e i g h  i n s t a b i l i t i e s .  The l o c a t i o n  az = n of c o u r s e  c o r r e s p o n d s  t o  t h e  
b o u n d a r y  b e t w e e n  v o r t i c e s  where  t h e  m o t i o n  of  t h e  f l u i d  i s  away f r o m  t h e  w a l l .  
We m i g h t  t h e r e f o r e  e x p e c t  t h a t  s u c h  l o c a t i o n s  w i l l  be t h e  mos t  s u s c e p t i b l e  t o  
t h e  s e c o n d a r y  i n s t a b i l i t i e s  w h i c h  c a u s e  t h e  o n s e t  o f  t i m e  d e p e n d e n c e  i n  t h e  
Gortler p rob lem.  
T 
I n  F i g u r e s  3 d . e . f . g  w e  h a v e  shown t h e  i n d i v i d u a l  v e l o c i t y  componen t s  
a p p r o p r i a t e  t o  t h e  a b o v e  s i t u a t i o n  w i t h  A = .2 . I t  c a n  b e  s e e n  t h a t  t h e  
d i s t u r b a n c e  is d o m i n a t e d  b y  t h e  f u n d a m e n t a l  a n d  mean f low c o r r e c t i o n  v e l o c i t y  
c=%pGnents. wz 888 t h a t  " u1 a i  X = 300 h a s  a s i g n i f i c a n t l y  d i f f e r e n t  s h a p e  
t h a n  t h e  l i n e a r  s o l u t i o n  i n i t i a l l y  i m p o s e d  o n  t h e  flow a t  X = 100. We h a v e  
no p h y s i c a l  e x p l a n a t i o n  o f  t h e  n o n l i n e a r  m e c h a n i s m  w h i c h  p r o d u c e s  t h i s  d i s t o r t i o n .  
I n  F i g u r e  5 w e  h a v e  shown t h e  e n e r g y  f u n c t i o n s  a p p r o p r i a t e  t o  t h e  c u r v a t u r e  
d i s t r i b u t i o n  [ a ) .  The l i n e a r  e i g e n f u n c t i o n  was o b t a i n e d  by i n s e r t i n g  [3.21 a t  
X = 55. and i n t e g r a t i n g  u n t i l  x = 85. w h e r e  t h e  n o n l i n e a r  terms were t u r n e d  On. 
i 
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The i n i t i a l  d i s tu rbance  arnolitudes here tohen t o  be = .1 and = . I s .  i e  
s e e  t h a t  t he  energy of  t h e  d i s t u r b a n c e  is again almost comple te ly  conf ined  t o  
t h e  fundamental and mean flow c o r r e c t i o n .  The maximum va lue  of  t h e  d i s tu rbance  
ene rg ie s  
[ a )  of  Figure i s  zero. I n  c o n t r a s t  t h e  maximum of  Eo o c c u r s  a t  a h ighe r  
value of X . T h i s  sugges t s  t h a t  t h e  r e s u l t s  of Figure 5 are dominated by t h e  
i n t e r a c t i o n  between t h e  b a s i c  B l a s i u s  boundary layer and t h e  fundamental  
component of t h e  d i s tu rbance  and never  reach any ‘ l o c a l ’  n o n l i n e a r  e q u i l i b r i u m  
s t a t e .  
E,, E,, E3 occur  c l o s e  t o  t h e  pos i t i on  where  t h e  l i nea r  growth r a t e  
I n  F igure  6’ t h e  results cor responding  t o  t h e  case [b l  are  shown. The 
non l inea r  terms were a g a i n  t u r n e d  on a t  X = 85. a f t e r  i n t e g r a t i n g  (3.21 
f r o m  X = 55. and f o u r  c a l c u l a t i o n s  corresponding t o  A = .OS, .I, . I S ,  .20 
were c a r r i e d  o u t .  F igu res  6a ,b , c  show the evolu t ion  i n  X o f  t h e  energy 
func t ions  Eo, E, and E, f o r  t h i s  s i t u a t i o n .  T h e  f u n c t i o n s  E o  and E, 
appear  t o  approach l i m i t i n g  va lues  e s s e n t i a l l y  independent of A w h i l s t  E, 
i n i t i a l l y  i n c r e a s e s  be fo re  decaying  a t  s u f f i c i e n t l y  l a r g e  v a l u e s  of X . T h i s  
sugges ts  t h a t  as t h e  v o r t i c e s  develop i n t o  a reg ion  where  t h e  e f f e c t i v e  G o r t l e r  
number Gx and t h e  e f f e c t i v e  wavenumber ax s a t i s f y  Gx - ax4,  a >> 1 
t h e  asymptot ic  s t ructure  found i n  I11 i s  q u a l i t a t i v e l y  recovered .  I n  t h e  
X 
l a t t e r  c a l c u l a t i o n  i t  was found t h a t  small wavelength G o r t l e r  v o r t i c e s  
develop through a ‘mean-f ie ld’  i n t e r a c t i o n  between t h e  fundamental  and mean 
flow c o r r e c t i o n .  A q u a n t i t a t i v e  comparison between ou r  results and I11 i s  
not  p o s s i b l e  s i n c e  the  a sympto t i c s  of  I11 was r e s t r i c t e d  t o  a O(a-’] neighbourhood 
of t h e  n e u t r a l  va lue  of X . 
The downstream development o f  t h e  ind iv idua l  v e l o c i t y  components i n  t h e  
above c a l c u l a t i o n  i s  shown i n  F igu re  7.  I t  can be seen t h a t  t h e  c h a r a c t e r i s t i c  
non l inea r  shape of Ui shown i n  F igu re  3d f o r  t h e  K = - c a l c u l a t i o n  is  
reproduced a t  s u f f i c i e n t l y  l a r g e  v a l u e s  of X . The va lue  o f  X r e q u i r e d  t o  
produce t h i s  c h a r a c t e r i s t i c  shape  decreases  w i t h  t h e  s i z e  o f  t h e  i n i t i a l  
20 
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amplitude. S i m i l a r l y  t he  mean f l o w  c o r r e c t i o n s  c a l c u l a t e d  have a s i m i l a r  
shape t o  t h a t  shown i n  F igu re  3d and t h a t  produced by t h e  asympto t ic  theory  
of  111. Indeed t h e  mean f low c o r r e c t i o n s  c a l c u l a t e d  f o r  t h e  cases [a ] ,  [ b l ,  
and IC) together  w i t h  t h e  case K = - a l l  had t h e  same c h a r a c t e r i s t i c  
shape. S i m i l a r l y  t h e  downstream v e l o c i t y  component was always found t o  
inc rease away f rom t h e  w a l l ,  reach a maximum and then  decay t o  zero. S ince 
t h i s  v e l o c i t y  Component and the  mean f l o w  c o r r e c t i o n  a re  always much l a r g e r  
than the o the r  X v e l o c i t y  components i t  f o l l o w s  t h a t  t h e  spanwise d i s t r i -  
b u t i o n  o f  uT 
t o  those shown i n  F i g u r e  3b. I n  F igu re  8 we have shown how these p r o f i l e s  
develop i n  X f o r  t h e  case A = .OS t o g e t h e r  w i t h  t h e  cor respond ing  undis-  
tu rbed p r o f i l e .  Again the  az = IT p r o f i l e s  become h i g h l y  i n f l e c t i o n a l  
and are presumably h i g h l y  uns tab le  t o  Ray le ighs  i n s t a b i l i t i e s  o f  t h e  type  
discussed by, f o r  example, Cowley and T u f t y  (19861. We b e l i e v e  t h a t  t h e  
development o f  these h i g h l y  i n f l e c t i o n a l  p r o f i l e s  a t  t h e  spanwise l o c a t i o n s  
where upwel l ing occurs  i s  t he  most l i k e l y  source o f  t h e  time-dependent secondary 
i n s t a b i l i t i e s  which steady G o r t l e r  v o r t i c e s  a r e  known t o  s u f f e r ,  see, f o r  example, 
Aihara ( 1 9 6 5 1 .  
X 
20 
t h e  t o t a l  downstream v e l o c i t y  component w i l l  always be s i m i l a r  
I 
F i n a l l y  i n  F i g u r e  9 we have shown t h e  energy d i s t r i b u t i o n s  f o r  the  case 
( c l .  The c a l c u l a t i o n s  were again per formed by i n t e g r a t i n g  (3.21 from X = 55. 
t o  X = 0 5 .  where t h e  non l i nea r  terms were t u r n e d  on. A comparison between 
Figures 9a,b,c and F igu res  6a,b,c shows t h a t  t h e  w a l l  waviness does no t  have 
a s i g n i f i c a n t  e f f e c t  on t h e  energy d i s t r i b u t i o n s  f o r  A = .OS . However t h e  
s o l u t i o n s  f o r  the l e r g p r  A = .15 siiggesi t h a t  t he  waviness inc reases  
t h e  energy of t h e  d is tu rbance up t o  
these ca l cu la t i ons  prevented us f r o m  de te rm in ing  whether  a sma l l  ampl i tude 
waviness always l eads  t o  a d e s t a b i l i z a t i o n  o f  t h e  boundary l a y e r .  
X - 200. The computa t iona l  expense o f  
-15- 
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Figure 3c 
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Figure 8d 
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Figure 9c 
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